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Foreword 
The solved problem stems from the  requirement t o  find an  optimal extract ion 
s t ra tegy in r e sou r ce  economics, namely, in f o r e s t  harvesting.  The au thor  aims t o  
t ake  into account both t he  stochastic and dynamic f ea tu r e s  of t h e  problem, and 
discusses its economic background as well. Through i ts  actual  motivation and inter-  
disciplinary fea tu res ,  t h e  result ing pape r  is an example t ha t  some of IIASA's ob- 
jectives can be met within t he  framework of t h e  Young Scientists'  Summer Program 
with SDS. 
Alexander B. Kurzhanski 
Chairman 
System and Decision Sciences Program 
Abstract 
The problem of optimal in ter temporal  extract ion (harvest )  of a r e s o u r c e  i s  in- 
vestigated. The r e s o u r c e  s tock and t h e  p r i c e  (exogenous) are Markov processes .  
The expected p resen t  value of a l l  fu tu re  prof i ts  is  maximized. The e f f e c t s  of in- 
creas ing r i sk  in t h e  p rocess  increments in t h e  fu tu re  on t h e  p resen t  optimal con- 
t r o l  ( the  p resen t  ex t rac t ion  level) are investigated. 
I t  is  proved t h a t  increasing r i sk  in the  increments of t h e  s tochast ic  p r ice  - 
and growth - processes  may imply higher  or lower optimal p r e s e n t  extract ion.  
The resu i t s  are aepenaent  on; 
a Autocorrelation and s ta t ionar i ty  in tine p r i c e  p rocess  
5 The f i r s t  t h r e e  derivatives of t h e  extract ion cost  function 
c The f i r s t  t h r e e  der ivat ives  of the  deterministic p a r t  of the  growth p rocess  
The e f fec t  of increasing r i sk  in t h e  p rocess  increments on t h e  sign of t h e  op- 
timal change in t h e  p resen t  ex t rac t ion  level can b e  unambiguously determined in 
severaI  cases. 
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1 I n t r o d u c t i o n  
1.1 The prob lem 
The q u e s t i o n  under  i n v e s t i g a t i o n  i s  whether  o r  n o t  t h e  p r e s e n t  e x t r a c t i o n  
l e v e l  s h o u l d  i n c r e a s e  o r  decrease under  t h e  i n f l u e n c e  o f  i n c r e a s i n g  r i s k  
i n  t h e  s t o c h a s t i c  p r i c e  p rocess  and /o r  t h e  s t o c h a s t i c  g rowth  process.  
The q u e s t i o n  w i l l  b e  ana lyzed  under  t h e  assumpt ion o f  r i s k  n e u t r a l i t y  and 
i t  i s  hence assumed t h a t  t h e  f i r m  maximizes t h e  expected p r e s e n t  v a l u e  o f  
f u t u r e  e x t r a c t i o n  o v e r  a  T  p e r i o d  h o r i z o n .  
The r e s u l t  s h o u l d  be o f  i n t e r e s t  t o  f i r m s  i n  ~ n o s i  resource  i n d u s t r i e s .  
T y p i c a l  a p p l i c a t i o n s  c a n  b e  f o u n d  i n  t h e  o i l ,  c o a l  and m i n e r a l  s e c t o r s .  
However, s i n c e  b o t h  p r i c e s  and g rowth  a r e  t r e a t e d  as s t o c h a s t i c  
processes,  o t h e r  a p p l i c a t i o n s  a r e  o p t i m a l  h a r v e s t i n g  i n  a g r i c u l t u r e  and 
f i s h i n g .  
The genera l  assumpt ions a r e  t h e  f o l l o w i n g ;  
- The a i m  i s  t o  maximize t h e  expec ted  p r e s e n t  va lue  o f  a l l  f u t u r e  
p r o f i t s  f r o m  e x t r a c t i o n  
- P r i c e  i s  a  Markov process,  exogenous t o  t h e  e n t e r p r i s e  
- The s i z e  o f  t h e  n a t u r a l  r e s o u r c e  s t o c k  i s  a  c o n t r o l l e d  d i f f u s i o n  
process,  where t h e  c o n t r o l  v a r i a b l e  i s  t h e  e x t r a c t i o n  l e v e l .  
1.2 E a r l i e r w o r k i n t h e f i e l d  
The ~ne t l l od  o f  dynd4oiC programming was o r i g i n a l l y  p resen ted  by Be1 lman 
(1). An e a r l y  d i s c u s s i o n  a b o u t  d i f f u s i o n  processes i s  g i v e n  by  I t o  and 
McKean (6). F leming  and R i s h e l  ( 4 )  g i v e  a  d e t a i l e d  p r e s e n t a t i o n  o f  d e t e r -  
m i n i s t i c  and s t o c h a s t i c  o p t i m a l  c o n t r o l .  A w e l l  w r i t t e n  i n t r o d u c t i o n  t o  
t h e  t h e o r y  o f  o p t i m a l  c o n t r o l  o f  s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n  systems 
i s  g i v e n  by Chow ( 2 ) .  
I n  t h i s  paper  we dea l  ~i t h  a  d i f f u s i o n  process where t h e  1  i v i n g  s t o c k  
grows a c c o r d i n g  t o  a  s t o c h a s t i c  process.  The problem o f  t h e  r e s o u r c e  
manager i s  t o  choose t h e  o p t i m a l  h a r v e s t  l e v e l  i n  every  moment. 
E a r l i e r  i n v e s t i g a t i o n s  o f  s i l n i l a r  problems have g i v e n  unambiguous r e s u l t s  
because o f  v e r y  r e s t r i c t i v e  assumpt ions abou t  t h e  f u n c t i o n a l  f o r m  o f  t h e  
pay o f f  f u n c t i o n  and t h e  g r o r t h  f u n c t i o n .  
G l e i t  ( 5 )  i n v e s t i g a t e s  a  p rob lem s i m i l a r  t o  t h e  one o f  t h i s  paper.  
However, he makes v e r y  r e s t r i c t i v e  assumpt ions c o n c e r n i n g  t h e  g r o r t h  
f u n c t i o n  and t h e  u t i l i t y  f u n c t i o n  o f  t h e  resource  owner. Accord ing  t o  
G l e i t ,  t h e  u t i l i t y  f u n c t i o n  i s  o f  t h e  form (1.2.1) and t h e  g rowth  f u n c t i o n  
of t h e  form (1 .2 .2) .  The p r o f i t  f u n c t i o n  i s  d e f i n e d  i n  (1.2.3). 
( n  = p r o f i t ,  0  < T < 1 )  
x = c > o  0  
x t  = s i z e  o f  l i v i n g  s t o c k  a t  t i m e  t 
k ( t )  = p o s s i b l y  t i m e  dependent c o n s t a n t  
h  = h a r v e s t  l e v e l  
W t  = U i e n e r  p rocess  
2  
a ( t )  = v a r i a n c e  o f  t h e  growth r a t e  
A ( t ) ,  B ( t )  = t i m e  dependent c o n s t a n t s  
The r e s u l t  d e r i v e d  b y  G l e i t  i s  t h a t  t h ?  o p t i m a l  p r e s e n t  h a r v e s t  l e v e l  i s  
an i n c r e a s i n g  f u n c t i o n  o f  t h e  v a r i a n c e  o f  t h e  growth r a t e .  
I n  t h e  p r e s e n t  a n a l y s i s  i t  w i l l  b e  demonst ra ted t h a t ;  
- The r e s u l t  d e r i v e d  by  G l e i t  c r u c i a l l y  depends on t h e  r e s t r i c t i v e  
c h o i c e  o f  growth f u n c t i o n ,  t h e  c h o i c e  o f  p r o f i t  f u n c t i o n  and t h e  
assumpt ion t h a t  t h e  u n c e r t a i n t y  concerns t h e  growth r a t e  and n o t  f o r  
i n s t a n c e  t h e  growth.  
Furthermore,  G l e i t  assumes p r i c e  t o  be d e t e r m i n i s t i c .  I n  t h e  a n a l y s i s  o f  
t h i s  paper,  t h e  s t o c h a s t i c  p r o p e r t i e s  o f  t h e  p r i c e  process a r e  a l s o  g i v e n  
a t t e n t i o n .  I n  f a c t ,  t h e  r e l a t i v e  v a r i a t i o n s  i n  p r i c e s  may be much 
l a r g e r  t h a n  t h e  r e l a t i v e  f l u c t u a t i o n s  i n  t h e  r e s o u r c e  s t o c k  i n  many 
cases. T h i s  has o f t e n  been t h e  case i n  f o r  i n s t a n c e  t h e  m i n e r a l  s e c t o r  
and t h e  f o r e s t  s e c t o r .  (There may be J growth a t  a l l  i n  t h e  m i n e r d l s  and 
t h e  s i z e  o f  t h e  f o r e s t  r e s o u r c e  g e n e r a l l y  changes l e s s  t h a n  a  few p e r  
c e n t  o v e r  a  y e a r . )  
May, Beddington,  Harwood and Shepherd ( 7 )  i n v e s t i g a t e  t h e  dynamic aspec ts  
o f  f i s h  and whale p o p u l a t i o n s  under  d e n s i t y  i ndepender~ t  and d e n s i t y  
dependent random n o i s e  t h a t  d f f e c t s  t h e  p e r  c a p i t a  v i t a l  r a t e s .  They 
conc lude t h a t ,  " t h e  c h o i c e  o f  a n  o p t i m a l  management s t r a t e g y  c l e a r l y  
i n v o l v e s  a  d e c i s i o n  a b o u t  t h e  r e l a t i v e  emphasis p l a c e d  on t h e  magni tude 
o f  t h e  y i e l d  compared w i t h  i t s  s t a b i l i t y " .  "The search f o r  such r o b u s t  
s t r a t e g i e s  i s  c e n t r a l  t o  t i l e  ~ilanagement o f  f i s h e r i e s  i n  an u n c e r t a i n  
wor ld .  " 
Clear l . ,  t h e r e  a r e  many f d c t o r s  t h a t  a f f e c t  t h e  op t ima l  e x t r a c t i o n  l e v e l  
under  r i s k .  L e t  u s  now t u r n  t o  t h e  fo rma l  a n a l y s i s  o f  t h e  q u e s t i o n  o f  
t h i s  paper.  
2  A n a l y s i s  
2.1 V a r i a b l e s  and parameters 
Y ) Expected p r e s e n t  v a l u e  o f  a l l  p r o f i t s  f r o m  e x t r a c t i o n  W t ( P t - l l  t-1 
i n  t h e  p e r i o d s  [t ... , T ]  a t  t i m e  ( t - 1 )  as  a  f u n c t i o n  o f  
t h e  p r i c e  and t h e  saved r e s o u r c e  s t o c k  a t  t i m e  t-1 when 
a l l  f u t u r e  h a r v e s t  l e v e l s  [t, ... , T I  a r e  o p t i m a l l y  
chosen. (P and Q have n o t  y e t  been r e v e a l e d . )  
t t 
h a r v e s t  l e v e l  a t  t i m e  t. 
s i z e  o f  r e s o u r c e  s t o c k  saved a t  t i m e  t f o r  f u t u r e  
purposes.  
p r i c e  a t  t i m e  t. 
Qt s i z e  o f  r e s o u r c e  s t o c k  a t  t i m e  t b e f o r e  h a r v e s t  h  t 
F ' ( p  I p  ) p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  P  c o n d i t i o n a l  on P  t t-1 t t-1' 
G '  (Qtlyt-l p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  9 c o n d i t i o n a l  on t h e  t 
s i z e  o f  t h e  saved s tock  l a s t  p e r i o d .  
P  Q 
't' et s t o c h a s t i c  v a r i a b l e s  t h a t  a r e  s t a t i s t i c a l l y  independent  Q o v e r  t i m e .  Fur thermore,  cP and c  a r e  independent  o f  
P  t Q - t each o t h e r .  E ( c t )  = E ( E ~ )  - 0. 
Qt(ht, Pt, Qt) expec ted  p r e s e n t  v a l u e  o f  a l l  p r o f i t s  f r o m  e x t r a c t i o n  
i n  t h e  p e r i o d s  [t, . .., T ]  s t  t i m e  t when P  and Q 
t t 
have be?n r e v e a l e d  and o p t i m a l  h a r v e s t i n g  i s  assulned i n  
p e r i o d  [ t + l ,  ..., T I ,  
r r a t e  o f  i n t e r e s t  i n  t h e  c a p i t a l  market .  
v t (h t .  Pt) p r o f i t  genera ted  a t  t i m e  t ( =  P  h - C (h  1 ) .  t t  t t 
C ( h  c o s t  f u n c t i o n  a t  t i m e  t. 
t t  
k t ( ' )  expec ted  marg ina l  p r e s e n t  va lue  o f  t h e  r e s o u r c e  s t o c k  
a t  t i m e  t when Pt and Qt have been revea led .  
2.2 The problem 
Tlie prob lem i s  t o  maximize t h e  expected p r e s e n t  va lue  o f  a l l  f u t u r e  
p r o f i t s  i n  e v e r y  t i m e  p e r i o d .  
y ) = ll max Qt(ht, Pt, W t ( P t - 1 3  t-1 Qt)F' (PtIPt-,)dptG1 ( Q t l  [ ~ ~ - ~ - h ~ - ~  1)dpt 
ht (2.2.1) 
P  
P t + l  = P t + l ( P t .  t )  + ct (2.2.2) 
I n  t h e  main p a r t  o f  t h e  a n a l y s i s ,  t h e  f o l l o ~ i n g  s p e c i f i c a t i o n s  a r e  used; 
where V (.) i s  d e f i n e d  as 
t 
and 
2.3 Opt imal  p o l i c y  a t  t i m e  t 
J u s t  b e f o r e  P  and 3 have been observed, t h e  expected p r e s e n t  v a l u e  o f  t t 
t h e  p r o f i t s  i n  t h e  p e r i o d s  [t, t + l ,  .. . , T-1. T ]  i s  W (P Y  ) ,  which t t-1' t-1 
i s  d e f i n e d  i n  (2.2.1). When Pt and Q t  have been observed, t h e  p rob lem i s  
t o  maximize @ (.) ~ i t h  r e s p e c t  t o  t h e  p o l i c y  v a r i a b l e  h  However, s i n c e  t t ' 
W i s  a  f u n c t i o n  o f  Y  ( =  Q - h  ), i t  i s  most conven ien t  t o  maximize 
t + l  t t t  
Q t ( - )  w i t h  r e s p e c t  t o  h t  and Yt. T h i s  way many u s e f u l  r e s u l t s  a r e  g i v e n  
e x p l i c i t l y .  Hence, t h e  prob lem i n  p e r i o d  t, when P  and Q a r e  revea led,  
t t 
i s  g i v e n  i n  2 . 3 1  An i n t e r i o r  s o l u t i o n  i s  assumed o p t i m a l  
I ~ I  t h e  f o l l o r i i n g  a n a l y s i s ,  t h e  n o t a t i o n  w i l l  be as s i m p l i f i e d  as  
p o s s i b l e .  
The Lagrange f u n c t i o n  c o r r e s p o n d i n g  t o  (2.3.1)  i s  (2 .3 .2 )  
The f i r s t  o r d e r  optimum c o n d i t i o n s  a r e  (an i n t e r i o r  s o l u t i o n  i s  assumed 
o ~ t i m a l )  
From (2.3.3)  we e x t r a c t  (2.3.4) wh ich  i m p l i e s  t h a t  t h e  marg ina l  v a l u e  o f  
p r e s e n t  e x t r a c t i o n  s h o u l d  be eq11a1 t o  t h e  expected marg ina l  v a l u e  o f  t h e  
resource  i f  i t i s  saved f o r  f u t u r e  purposes. 
A  more e x p l i c i t  f o r m  o f  (2.3.4) i s  (2.3.5) .  T h i s  e q u a t i o n  i s  o b t a i n e d  
t h r o u g h  t h e  use o f  (2.2.4), (2.2.5) and (2 .2 .6 ) .  
D e f i n e  [ D  ] as  t h e  m a t r i x  o f  second o r d e r  d e r i v a t i v e s .  
The second o r d e r  maximum c o n d i t i o n  i s  (2.3.7) 
Assumption 1 
Remark 1 
From assumpt ion 1 F o l l o d s  t h a t  t i l e  second ord,?r  maxim~mn c o n d i t i o n  i s  
f u l f i l l e d .  
* * 
L e t  us  i n v e s t i g a t e  h o d  t h e  o p t i m a l  c h o i c e  v a r i a b l e s  ht, Yt and t h e  
* 
expected marg ina l  p r e s e n t  v a l u e  o f  t h e  resource  A a r e  a f f e c t e d  b y  t 
changes i n  t h e  parameters  a t  t i m e  t !  
T o t a l  d i f f e r e n t i a t i o n  o f  (2.3.3)  g i v e s  (2 .3 .8)  
The d e r i v a t i v e  o f  t h e  expec ted  marg ina l  p r e s e n t  v a l u e  o f  t h e  r e s o u r c e  a t  
t i m e  t w i t h  r e s p e c t  t o  t h e  p r i c e  a t  t i m e  t i s  o b t a i n e d  t h r o u g h  Cramer 's  
r u l e ,  
From Assumption 1 we know t h a t  $ < 0, $hh < 0 and I D 1 > 0. From YY 
(2.2.4) and (2.2.5) i t  i s  c l e a r  t h a t  $hp > 0. $yp i s  t h e  d e r i v a t i v e  o f  
t h e  expected marg ina l  v a l u e  o f  t h e  resource  saved f o r  f u t u r e  e x t r a c t i o n  
w i t h  r e s p e c t  t o  t h e  p r e s e n t  p r i c e .  
Assumption 2  
The a u t o c o r r e l a t i o n  i n  t h e  p r i c e  process i s  nonnegat ive.  
Remark 2  
* 
From Assumption 2  i t  f o l l o w s  t h a t  $yp 2 0. Hence, - > 0. 
a p t  
The i m p l i c a t i o n  o f  Remari: 2  i s  t h a t  t h e  expec ted  marg ina l  p r e s e n t  v a l u e  
o f  t h e  resource  i s  s t r i c t l y  i n c r e a s i . , g  i n  t h e  p r e s e n t  p r i c e .  The r e s u l t  
i s ,  however, dependent on t h e  s t o c h a s t i c  p r o p e r t i e s  o f  t h e  p r i c e  
Should t h e  present  ha rves t  leve l  i nc rease  when t h e  present  p r i c e  
inc reases?  
Assumption 3 
@ h P  > @YP 
Remark 3 
Assumption 3 i s  a  r a t h e r  s t rong assumption, ( @  > @ ). Consider t h e  two hP YP 
period e x t r a c t i o n  problem 
where x denotes t h e  t o t a l  present  value of p r o f i t s  from e x t r a c t i o n .  
The f i r s t  order  optimum condi t ion  i s ;  
Hence, t h e  fol lowing equat ion should hold; 
* 
Assume t h a t  C t ( - )  i s  i d e n t i c a l  i n  b o t h  p e r i o d s ,  t h a t  hT-l = QT and t h a t  
(P ) = a  + bPT-l. E~-l T  Then i t  f o l l o w s  t h a t ;  
Assume f u r t h e r  t h a t  PT-l = E(PTIPT-l) f o r  PT-l = Po 
Then we g e t  t h e  e q u a l i t y ;  
Obv ious ly ,  
a t  t h i s  p o i n t .  (The m a r g i n a l  r e l a t i v e  growth i s  equal t o  t h e  r a t e  o f  
i n t e r e s t  i n  t h e  c a p i t a l  marke t . )  
i e t  us  determine @ and @ a t  t i m e  ( T - l ) !  
hP wp 
Assumption 3 hence i m p l i e s  t h a t  b  < 1. 
Observat ion;  I n  some cases Assumption 3 i m p l i e s  t h a t  t h e  p r i c e  
process i s  n o t  a  m a r t i n g a l e  o r  a  s u b m a r t i n g a l e  b u t  
perha?s a  s t d t i o n a r y  f i r s t  o r d e r  a u t a r e g r e s s i v e  
process.  
From Assumption 3 i t  f o l l o ~ s  t h a t  t h e  p r e s e n t  o p t i m a l  e x t r a c t i o n  l e v e l  i s  
a  s t r i c t l y  i n c r e a s i n g  f u n c t i o n  o f  t h e  p r e s e n t  p r i c e .  Note  t h a t ,  a t  l e a s t  
* 
aht i n  t h e  2 p e r i o d  case,  - - 0  under  t h e  assumpt ion o f  m a r t i n g a l e  p r i c e s !  
Once more, we make use o f  Assumption 3. We conc lude t h a t  t h e  o p t i m a l  
amount o f  t h e  r e s o u r c e  t h a t  s h o u l d  be saved f o r  f u t u r e  purposes i s  a  
dec reas ing  f u n c t i o n  o f  t h e  p r e s e n t  p r i c e .  The p r i c e  process assulnpt ions 
a r e  however c r i t i c a l  t o  t h e  r e s u l t s .  
Tab le  1 D e r i v a t i v e s  w i t h  r e s p e c t  t o  P t 
* * * 
L e t  u s  i n v e s t i g a t e  how changes i n  Qt a f f e c t  ht, Yt and kt! From (2.3.8) 
we g e t  (2.3.15).  
~- 
> 0 
- -- - .- . . - - - -. - . - - 
1,3 
- - . - - . - . - - . - - . - - - - -- - 
Value 
C r i t i c a l  
assumpt ions 
* 
i r o l : ~  Assu~npt ion 1 i t  i s  c l e a r  t h a t  h i s  a  s t r i c t l y  dec reas ing  f u n c t i o n  t 
o f  t h e  r e s o u r c e  q u a n t i t y  Qt. 
- 
> 0 
- - - -- 
1,2 
. - 
ah* t= -~ -@YY 
aQt I D 1  
* * 
Obvious ly ,  b o t h  ht  and Yt a r e  s t r i c t l y  i n c r e a s i n g  f u n c t i m s  o f  t h e  
a v a i l a b l e  r e s o u r c e  s t o c k .  The r e s u l t s  a r e  summarized i n  t a b l e  2. 
Table  2 D e r i v a t i v e s  w i t h  r e s p e c t  t o  Q 
t 
2 .4  The expected marg ina l  p r e s e n t  va lue  o f  t h e  resource  s tock  saved 
f o r  t h e  f u t u r e  under i n c r e a s i n g  r i s k  i n  t h e  process inc rements  
Value 
C r i t i c a l  
assumpt ions 
aw ( P  Y ) 




a f f e c t e d  b y  i n c r e a s i n g  r i s k  i n  t h e  p r i c e  and growth processes between 
P Q p e r i o d  t-1 and t. I n c r e a s i n g  r i s k  t h u s  occurs  i n  E ~ - ~  and E,..~. 
If i t  can be shown t h a t  t h e  expec ted  marg ina l  p r e s e n t  va lue  o f  t h e  
resource  saved f o r  f u t u r e  purposes i n c r e a s e s  ( i s  unchanged) (decreases)  
P 
as t h e  r i s k  i n  E ~ - ~  a n d l o r ~ f - ~  i nc reases ,  t h e n  i t  can be p roved  t h a t  t h e  
o p t i m a l  e x t r a c t i o n  l e v e l  i n  p e r i o d  t-1 decreases ( i s  unchanged) 
( i n c r e a s e s ) .  
I n  some cases, t h e  r i s k  e f f e c t  on t h e  expec ted  marg ina l  v a l u e  o f  t h e  
"saved" resource  a f f e c t s  e a r l i e r  t i m e  p e r i o d s .  T h i s  p rob lem w i l l  b e  
d i scussed  i n  some d e t a i l  i n  t h e  f o l l o w i n g  s e c t i o n s .  
E q u a t i o n  (2.4.1) i s  i d e n t i c a l  t o  (2.4.2) when GI(.) denotes t h e  proba-  
Q - b i l i t y  d e n s i t y  f u n c t i o n  o f  E ~ - ~ .  
Wt(Pt-ll yt-l = 11 max @t(ht, yt; pt9 [ E ~ - ~ ! Q ~ ( Y ~ - ~ )  + J )  
h t p Y t  
The expected marg ina l  p r e s e n t  v a l u e  o f  t h e  saved resource  a t  t i m e  t-1 i s  
g i v e n  i n  (2.4.3). 
Remark 4  
('2 ) 
If we assume t h a t  aEt-l t > 0, which  i s  a  v e r y  weak g rowth  c o n d i t i o n ,  
a y t - 1  1 awt(Pt-?. yt-1 . 
i t  i s  c l e a r  f r o m  (2.4.3) t h a t  i s  an i n c r e a s i n g  f u n c t i o n  
ayt-l 
( A * ) .  O f  Et-l t 
awt( ) 
From Remark 4 we n o t i c e  t h a t  t h e  chanqe i n  f rom i n c r e a s i n q  r i s k  i n  
- - 
ay 
P t- 1 * 
E and E:-~ can b e  e x t r a c t e d  f r o m  t h e  changes i n  Et-l('?t). I n  o r d e r  t o  t-1 * 
determine i f  Et-l(ht) i n c r e a s e s  o r  decreases f rom r i s k  i n c r e a s e s  i n  t h e  
* 
parameters ,  we mlJst i n v e s t i g a t e  if kt i s  s t r i c t l y  convex, l i n e a r  o r  
s t r i c t l y  concave i n  t h e  parameters !  
* 
F i r s t ,  we i n v e s t i g a t e  t h e  second o r d e r  d e r i v a t i v e  o f  it w i t h  r e s p e c t  t o  
Pt. From (2.3.10) we g e t  (2.4.4) .  
'W + 'hh 
Denote t h e  t o t a l  d e r i v a t i v e  o f  (2.4.4) w i t h  r e s p e c t  t o  Pt as i n  (2.4.5); 
2 * 
1 
={ + )2} (Iohpp%Y ' @hP'%YP + %hP% ' %h%P I ap2 
t ('YY hh (2.4.6) 
Loyy + ahh1 - b h P a W  + ahhap ;I [awp + 'hhP I 
Assumption 4 
Remark 5 
From (2.4.6)  and Assumption 4 we g e t ;  
where { x ]  = { 1 I [ '  0 )  
I@, + @hh)2  
a2 k* 
Obv ious l y ,  t i l e  s i g n  o f  -- depends on %pp and @w. 
ap; 
Remark 6 
(Assumpt ion 4 )  + 
From Remark 6 i t  i s  c l e a r  t h a t  (2 .4 .7)  reduces t o  (2 .4 .8) .  
Remark 7 
2 * 
From (2.4.8) i t  i s  c l e a r  t h a t  sgn ( a kt ) = sgn (bhhh) s i n c e  < 0 ( b y  
aPtaht 
Assumpt ion 1) and [@p - @ ] 1 0 (by  Assumpt ion 3 ) .  See a l s o  Remark 3 !  hP 
[@YY + @ h h I  - [ ~ h p ' w  + bhh+yp] [@yyy + @hhy j) 
Remark 8 
(Assumpt ion 4 )  + 
From Remark a i t  i s  c l e a r  t h a t  (2.4.9)  reduces t o  (2.4.10) 
Remark 9 
L From (2.4.10) i t  i s  c l e a r  t h a t  sgn ( ) depends on @,w and  @yYP 
ap ay A 
t t~ - - 
s i n c e  @ < 0, (@w + @hh) < 0 by Assumpt ion 1 and (@hp - @p ) > 0 by hh 
Assumpt ion 3. Se a l s o  Remark 3! 
~. 
Now t h e  t i m e  has come t o  w r i t e  a p t  e x p l i c i t l y !  By u s i n g  Remark 5, 
§ pt 
(2.4.8), (2.4.10), (2.3.12) and (2.3.141, we can exp ress  (2.4.5)  a s  
(2.4.11):  
(2.4.11) can be s i m p l i f i e d  t o  (2.4.12):  
cTo 




From (2.4.12) and (2.4.13) i t  i s  c l e a r  t h a t  sgn ( ) can b e  
5 P t. - 
unambigluously de te rm ined  i n  so:n:? cases and depends on Qhhh ,  QYW"Y'$'YPP' 
Qw' 
R e s u l t  1 
Sgn (PI) has been d e t e r ~ n i n e d  i n  t i l e  p r o c e e d i n g  a n a l y s i s .  
" 
s t r .  convex 
p1 = } 0 + i s  
* 
No* t h e  t i m e  has come t o  i n v e s t i g a t e  t h e  second o r d e r  d e r i v a t i v e  o f  ht 
w i t h  r e s p e c t  t o  Qt!  From (2.3.16) we g ? t  (2.4.14); 
Denote t h e  t o t a l  d e r i v a t i v e  o f  (2.4.14) w i t h  r e s p e c t  t o  Q t  as i n  
(2.4.15);  
2  * 
1 
('YY + 'hh 
Remark 11 
From Assumption 4  i t  f o l l o w s  t h a t  = Y @hhQ = 0. I f ,  on t h e  o t h e r  hand, 
t h e  c o s t  o f  e x t r a c t i o n  i s  dependent on t h e  resource  s tock ,  $m and "hQ 
may b e  d i f f e r e n t  f r o m  zero .  
Note t h a t  and "hQ may b e  z e r o  even i f  t h e  c o s t  o f  e x t r a c t i o n  i s  
dependent on t h e  r e s o u r c e  s t o c k !  
2 *  2  F i n a l l y  we conc lude  t h a t  a kt/a Q t  = 0. 
Remark 12 
From Assumpt ion 4  f o l l o w s  t h a t  @yVn = 0. 
Hence, (2.4.18) i s  equa l  t o  (2.4.19) 
Remark 13 
From Assumpt ion 4  f o l l o w s  t h a t  @hhy = 0. 
Hence, (2.4.20) i s  equa l  t o  (2 .4 .21) .  
F i n a l l y ,  t h e r e  i s  a  p o s s i b i l i t y  t o  exp ress  
ah 
t1 § (- 
aQt e x p l i c i t l y  ! 
5 Qt 
(2.4.22) f o l l o w s  f r o m  (2.4.151, (Remark 111, (2.4.19),  (2.4.211, (2.3.17) 
and (2.3.19). 
* 
a A t  § (-) 
BQ 2 2 t- = (- 'Y4 ) @,hh ($--- @Y4 --) + @hh ) 
§ Qt 'YY+ 'hh w+ $hh 'Y4+ 'hh 
(2.4.22) can  be s i m p l i f i e d  a s  (2.4.23).  
Remark 14 
From (2.4.23) i t  i s  c l e a r  t h a t  
{sgn (@hhh) = sgn (Om) = a ]  1 
* 
[sgn (ahhh) = a  @m = 01 + 
Qt 
{@h h = 0  sgn ( @m) = a ]  
R e s u l t  2 
sgn ( p  ) has been de te rm ined  i n  t h e  p r o c e e d i n g  a n a l y s i s .  2 
a A* 
§ (2) s t r .  convex 
~2 = § Qt -{;} o - < i s ( 1 i n e a r  s t r . concave ) i n  Q~ 
L e t  u s  r e c o n s i d e r  t h e  p rob lem o f  t h i s  s e c t i o n .  We wanted t o  know i f  t h e  
expec ted  marg ina l  p r e s e n t  v a l u e  o f  t h e  r e s o u r c e  saved f o r  t h e  f u t u r e  w i l l  
i n c r e a s e  o r  decrease under  t h e  i n f l u e n c e  o f  i n c r e a s i n g  r i s k  i n  t h e  
p rocess  increments .  ( R e c a l l  a l s o  Remark 1.) 
* 
Now we know t h a t  under  some assumpt ions i t  i s  p o s s i b l e  t o  de te rm ine  i f A t 
i s  s t r i c t l y  convex, l i n e a r  o r  s t r i c t l y  concave i n  p  and Qt. The p r e s e n t  t 
q u e s t i o n  i s  i f  i n c r e a s i n g  r i s k  i n  E!-~ and/or  c:-~ (wh ich i m p l i e s  
i n c r e a s i n g  r i s k  i n  P  and Q ) w i l l  i n c r e a s e  o r  decrease t h e  e x p e c t e d  
* t * t 
v a l u e  o f  k t (=  Et-l ( A t ) ) .  
Approx i~na te  t h e  c o n t i n u o u s  d i s t r i b u t i o n s  F ( . )  and G ( . )  by d i s c r e t e  
d i s t r i b u t i o n s  w i t h  n  p r i c e s  and q u a n t i t i e s .  The p r o b a b i l i t i e s  o f  p r i c e  
- - 
piand q u a n t i t y  Q j  a r e  denoted by  F(Pi) and G(Q.) r e s p e c t i v e l y .  Again, J 
n o t a t i o n  i s  s i m p l i f i e d .  
The expec ted  marg ina l  v a l u e  o f  the  r e s o u r c e  i n  p e r i o d  t i s ;  
A  R o t s c h i l d / S t i g l i t z  ( 8 )  lnean p r e s e r v i n g  spread (MPS) i n  t h e  v a r i a b l e  x 
i s  d e f i n e d  a c c o r d i n g  t o  (2.4.27). 
r d X A  = 0 f o r  (A I A  f a, A  f 8)  7 
- Prob(X )dX = Prob ( X  )dX = k  > 0 
a a B B  x 
L e t  irs use t h e  d e f i n i t i o n  (2.4.27) i n  t h e  a n a l y s i s  O F  i n c r e a s i n g  r i s k  i n  
p r i c e  and  q u a n t i t y !  k and k denote i n c r e a s i n g  r i s k  i n  P and Qt. 
P Q t 
by  symmetry, i t  i s  c l e a r  t h a t ;  
Remark 15 
s t r .  convex 
i n  xt  + 
s t r .  concave 
R e s u l t  3 
aw (P Y ) 
- - -  t-l' t-l i s  an i n c r e a s i n g  f u n c t i o n  o f  E  (A*) .  The e f f e c t  o f  
a Y t-1 t 
t- 1 P  Q * i n c r e a s i n g  r i s k  i n  ~ t - 1  and d t - 1  on E t - l (A t )  has k e n  ana lysed.  I n  some 
* 
cases, t h e  s i g n  o f  t h e  change i q  E t - l ( A t )  i s  unambiguous. I n  t a b l e  3 t h e  
r c s t r l t s  a r e  s u ~ n n a r i r e d  ri t i1 r e s p e c t  t o  r i s k  i n c r e a s e s  i n  EQ . 
t - l  
* 
Table  3 Changes i n  Et-l(ht) w h e n t h e  r i s k  i n  cQ i n c r e a s e s  (see remark t- 1 
14) .  A s i m i l a r  t a b l e  can be c o n s t r u c t e d  f o r  i n c r e a s i n g  r i s k  i n  
t Then, however, 4wp and dwP must a l s o  be t a k e n  i n t o  t-1' 
c o n s i d e r a t i o n  (see remark 10 ) .  
2.5 I i n p l i c a t i o n s  o f  i n c r e a s i n g  r i s k  i n  t h e  p rocess  inc rements  i n  t h e  
f u t u r e  f o r  -- t h e  o p t i m a l  p r e s e n t  --- e x t r a c t i o n  l e v e l  
~ ------ 
L e t  us  do some compdra t i ve  s t a t i c  a n a l y s i s  i n  p e r i o d  t. We want  t o  know 
* * P  
i n  what d i r e c t i o n  h t  and At w i l l  change when t i l e  r i s k  i n c r e a s e s  i n  c t  
and/or  cQ. L e t  5 denote  r i s k  i n  cP and/or  EQ 
t t t ' 
Remark 16 
* 
ax t - n  T i r o u g h  i n d u c t i o n ,  i t  i s  e a s i l y  v e r i f i e d  t h a t  sgn (- ) = sgn ( $E) "0 
a: 
aence, tile f o l l o w i n g  i n d u c t i o n  argument s h o u l d  h o l d ;  
1. The expected m a r g i n a l  p r e s e n t  v a l u e  o f  t i l e  resource  saved i n  p e r i o d  
P Q .  
t i s  by.  The r i s k  i n  y and/or  ct i n c r e a s e s .  
2. We knovi t h e  s i g n s  o f  + and +m. I n  t a b l e  3 i t  i s  p o s s i b l e  t o  hhh 
determine i F  @y i n c r e d s e s  o r  decreases ( a t  l e a s t  i n  t i l e  case o f  
9 i n c r e a s i n g  r i s k  i n  ct). 
* 
3 .  I n  remark 1 6  we observe t h a t  h+ i n c r e a s e s  ( i s  unchanged) (dec reases )  
- 
i f  @,F i n c r e a s e s  ( i s  unchanged) (dec reases ) .  
a @ a~ (Q 
t-l = ~~-~(h*t l  t-1 t 
ayt-l ayt-1 
( Q  ) a+t- 1 
> 0, (see remark 4 )  - Hence, i f  we assume t h a t  -- 
a Y a~ 
t-1 t-1 
i n c r e a s e s  ( i s  unchanged) (decreases) .  
4. From above, i t  i s  c l e a r  t h a t  an i n c r e a s e  ( n o  change) (decrease)  i n  
a 4  




t - n  
R e s u l t  4 
a 4  
i m p l i e s  an i n c r e a s e  ( n o  An i n c r e a s e  (no  change) ( a  decrease) i n  - 
n  > 0. The :ssumption t h a t  4hh < 0 i s  change) ( a  decrease) i n  -
ay t-n 
" .. 
c r i t i c a l  t o  t h e  r e s u l t .  
R e s u l t  5 
ah t 
sgn ( - ) = - sgn 
a E 
* 
i lence, f r o m  r e s u l t  4, #e observe t h a t  t i le  p r e s e n t  e x t r a c t i o n  l e v e l  h  t 
s h o u l d  i n c r e a s e  (be unchanged) (decrease)  i f  t h e  r i s k  i n  <+, ( E!+,) 
* 
i n c r e a s e s  and At+,, i s  s t r i c t l y  concave [ l i n e a r )  ( s t r i c t l y  convex)  i n  Pt+, 
* (Qt+J. The s i g n  o f  t h e  second o r d e r  d e r i v a t i v e s  o f  A w i t h  r e s p e c t  t o  t+n 
Qt+n can be determined i n  some cases f r o m  t h e  s i g n s  o f  4hhh and dm i n  
* 
p e r i o d  t+n. The s i g n  o f  t h e  second o r d e r  d e r i v a t i v e  o f  At+, w i t h  r e s p e c t  
t o  Pt+n depends on 4hhh, @WP and dwp (see t a b l e  3 ) .  
2.6 Can t h e  s i g n s  o f  4  and 4m b e  unambiguously determined? 
hhh 
As d e  r e c a l l  f r o m  t a b l e  3, t h e  s i g n s  o f  4  and 4  must b e  known i n  
hhh YY4 
p e r i o d  t+l if vre a r e  i n t e r e s t e d  t o  knod i n  what d i r e c t i o n  t h ?  o p t i m a l  
P h a r v e s t  l e v e l  changes i n  p e r i o d  t - n ,  n  > 0 when t h e  r i s k  i n c r e a s e s  i n  E~ 
Q and/or  E ~ .  
I n  t h i s  s e c t i o n  we w i l l  i n v e s t i g a t e  so:ne cases *then t h e  s i g n s  o f  @ and hhh 
@Y w can be unambiguously determined i n  a l l  t i m e  p e r i o d s .  
I n  p e r i o d  t, we e x p e c t  t h e  p r e s e n t  v a l u e  o f  f u t u r e  p r o f i t s  t o  be equal  t o  
(2.6.1) can be r e p l a c e d  by  (2 .6 .2) .  Some n o t a t i o n a l  s i m p l i f i c a t i o n  w i l l  
be under taken.  
3  a wttl(.) 
- 
3 
= jj ($ "  ' ( Q ' )  + 3+"Q 'Q"  + +'Q" ' ) ... (2 .6 .5  1 
a ~3 t 
It shou ld  be c l e a r  f r o w  (2.6.5) t h a t  i f  t h e  ex1)ected g rowth  i s  a  l i n e a r  
f u n c t i o n  o f  t h e  saved r e s o u r c e  q u a n t i t y  (+Q1>O, Q"=0, Q "  ' =0 ) ,  t h e n  
(2.6.6) ho lds .  
3  
b3Gt1 
2  * 
a Wt+ l  a % + l  
sgn ( ) = sgn ( ) = sgn ( ) 
ay3 3 2  
t a Q t + l  a Q t + l  
(2.6.6) w i l l  h o l d  a l s o  i f  growth i s  assumed t o  be a  concave f u n c t i o n  
where t h e  t h i r d  o r d e r  d e r i v a t i v e  i s  nonnega t i ve  (+Q'>O, Q "  GO, Q "  ' > 0 )  




I n  genera l ,  t h e  s i g n  o f  -t+l i s  dependent on t h e  s i g n s  and  a b s o l u t e  
* 2 3 
a@t+l a3m*t+l ~E,(Q,+~) a E ~ ( Q ~ + ~ )  a E ~ ( Q ~ + ~ )  
va lues  o f  - and  
' 2  3  a Y 2 3 
t a Q t + i  a ~ ~ + ~  a Q t l  ayt ayt 
The s i g n  can be de te rm ined  t h r o u g h  (2 .6 .5 ) .  
Nor, t h e  method O F  i n d u c t i o n  w i l l  be used t o  s h o r  t h a t  t h e  s i g n s  o f  @ hhh 
and  $w can be de te rm ined  i n  a l l  t i m e  p e r i o d s  if some c o n d i t i o n s  a r e  
s a t i s f i e d .  
Stage Assumption R e s u l t  




a W T  a3 { 
bl  sgn (- ) = sgn (-) 
a,3 
T- 1 a ~ :  
3 
a v~-l a3 6 
1 sgn ( ) = sgn (-) 3 
 ah^- 1 39: 
s i n c e  no quan- 
t i t y  can be 
saved u n t i l  T+1 
Depends on t h e  
growth  f u n c t i o n  
and O!.) see 
(2.6.5) and r e -  
mark 17 
F o l l o w s  f r o m  
t h e  assumpt ion  
i t i ~ a t  sgn (VT) = 
a. f o r  a l l  t 
1 
and @T : V T  
3 3  * 
a WT-1 
sgn ( ) = sgn ( a %-I) b2 
ay 3 3 T- 2  a 9 ~ -  1 
Stage Assumption - R e s u l t  
- - - - - - - . 
Remark 
3 3 * 
sgn ( a 'T-2 ) = sgn ( a 5 - 1 )  
3 
a h ~ - 2  a~:- 1 
s i n c e  $ V T  
and f r o m  dl 
3 * 
a 'T-2 a30; 
sgn ( = sgn (-1 F o l l o w s  f r o m  b2. 
3 
a Q ~ - 2  a ~ i  c2, (2.4.23) 
3 3 * 
a V T - 1 - i  a 9-i 
C i + l  sgn ( ) = sgn (- 
ah3 3 T - 1 - i  aQT-i 
s i n c e  9qt and 
f r o m  di 
3 * 
a $ - 1 - i  a3{ 
sgn (-- ) = sgn (-1 F o l l o w s  f r o m  
aQ T - 1 - i  aQ: b .  c .  1+1' l + l '  
(2.4.23) 
Remark 18 
I f  t h e  assumpt ions a b . ,  c .  a r e  v a l i d  f o r  a l l  i, t hen  t h e  s i g n s  o f  $ 
- 1' 1 1 hhh 
and $yw can be unambiguously de te rm ined  i n  a l l  t i m e  p e r i o d s .  
2.7 An example 
I n  o r d e r  t o  i l l u s t r a t e  t h e  use o f  t h e  r e s u l t s  i n  s e c t i o n s  2.1-2.6, we 
c o n s i d e r  t h e  f o l l o w i n g  s i t u a t i o n .  The p r o f i t  f r o m  e x t r a c t i o n  i s  d e f i n e d  
i n  7 . 1  t h e  growth process i n  (2.7.2) and t h e  p r i c e  process i n  
(2.7.3) 
F r o g  (2.7.1), (2.7.2) and (2.7.3),  we e x t r a c t  t h e  f o l l o w i n g  d e r i v a t i v e s  
and s igns ;  
@h  
< 0 Q " '  > 0 
The a n a l y s i s  i s  made i n  t h e  f o l l o ~ i n g  o r d e r ;  
1. Through i n d u c t i o n  we can v e r i f y  t h a t  @ > 0 and @m > 0 i n  a l l  hhh 
t i m e  p e r i o d s  (see s e c t i o n  2.6). 
* ( A  ) i s  s t r i c t l y  convex i n  eQ f o r  a11 t such t h a t  t < T 2. Et-l t t 
(see (2.4.12),  (2.4.23),  remark 10 and remark 14) .  
3 .  * 3 .  I n c r e a s i n g  r i s k  i n  ct i nc reases  E t - l ( \ )  f o r  a l l  va lues  o f  
P and Y (see remark 1 5 ) .  
t-1 t-1 
* 
4. h* decreases and At-n i nc reases  f o r  a l l  n> 1 ( see  s e c t i o n  2 .5) .  t - n  
Hence, i n  t h i s  case,  i n c r e a s i n g  r i s k  w i t h  unchanged e x p e c t a t i o n  i n  t h e  
g r o w t h  process d u r i n g  some f u t u r e  p e r i o d  t ( t  < T)  i m p l i e s  t h a t  
t h e  p r e s e n t  e x t r a c t i o n  l e v e l  s h o u l d  decrease.  The o t h e r  r e s u l t  i s  t h a t  
t h e  expec ted  m a r g i n a l  p r e s e n t  v a l u e  o f  t h e  r e s o u r c e  i n c r e a s e s .  B o t h  
e f f e c t s  a r e  unambiguous. 
I f  b ( t )  = 0 o r  i t  can be shown t h a t  k p  and $yvp a r e  c l o s e  t o  zero,  
t h e n  i n c r e a s i n g  r i s k  i n  t h e  i nc renencs  o f  t h e  p r i c e  p rocess  some t i m e  
P i n  t h e  f u t u r e  ( ct  ) imp1 i e s  t h a t  t h e  p r e s e n t  e x t r a c t i o n  l e v e l  s h o u l d  
decrease and t h a t  t h e  expec ted  m a r g i n a l  p r e s e n t  v a l u e  o f  t h e  r e s o u r c e  
i n c r e a s e s .  
F i g u r e  5.1 I n c r e a s i n g  r i s k  i n  t h e  p r i c e  i n  t h e  l a s t  p e r i o d  ( T )  does 
* * 
n o t  a f f e c t  hT-1  o r  AT-1. The reason i s  t h a t  t h e  e x p e c t e d  
m a r g i n a l  v a l u e  of  t h e  r e s o u r c e  E (A*) i s  i ndependen t  o f  
T-1 T 




F i g u r e  5.2 a  I n c r e a s i n g  r i s k  i n  t h e  p r i c e  i n  p e r i o d  T-1 w i l l  g e n e r a l l y  
* 
a f f e c t  ET-2(~;-l). I n  t h e  f i g u r e ,  p r i c e  i s  assumed t o  be 
* 
i n d e p r r ~ d e n t  o v e r  t i m e ,  V"  '<O, W '  ' '<O. Then, ET-2( AT-l) 
decreases as t h e  p r i c e  r i s k  i n  p e r i o d  T-1 i : i c reases .  (see 
(2.4.12) and f i g u r e  5.2 b ! )  
* 
F i g u r ~  5.2 b  I n  f i g u r e  5.2 a  r e  o b t a i n e d  a  decrease i n  ET-2 (9 -1 ) .  T h i s ,  
a W ~ -  1 
i n  t u r n ,  i l n i ~ l  i e s  a decrease i n  -, which i s  i l l u s t r a t e d  
ay 
* T-2 * 
above. Hence, AT-2 w i l l  decrease an.J w i l l  i n c r e a s e .  
F i g u r e  5.3 a  E x a c t l y  as  f i g u r e  5.2 a  e x c e p t  f o r  t h a t  V " ' > O ,  W " ' > O .  
* 
Here, ET-2( AT-1) i n c r e a s e s  as t h e  p r i c e  r i s k  i n  p e r i o d  T-1  
i n c r e a s e s  (see(2.4.12) and f i g u r e  5.3 b ! )  
F i g u r e  5.3 b I n  f i g u r e  5.3 a  we o b t a i n e d  an i n c r e a s e  i n  E T - 2 ( q - 1 ) .  
a W ~ -  1 
T h i s ,  i n  t u r n ,  imp1 i e s  an i n c r e a s e  i n  - which i s  
* a y ~ -  2  * 
i l l d ; t r ? t e d  above. Hence, AT-2 w i l l  i n c r e a s e  and h ~ - 2  w i l l  
decrease. 
F i g u r e  5.4 L e t  us  assume t h a t  @ = @yP hP . A change i n  t h e  p r i c e  i n  
p e r i o d  t w i l l  t h e n  - n o t  a f f e c t  t h e  o p t i m a l  h a r v e s t  l e v e l  
s i n c e  t h e  expec ted  marg ina l  p r o f i t  fron t h e  saved resource  
* 
changes e q u a l l y  much. Th is ,  i n  t u r n ,  i l i e  t h a t  Et-l(ht) 
i s  u n d f f e c t e d  by i n c r e a s i n g  r i s k  i n  P  and h* ( n  > 1) 
t ' t - n  
d i 7 1  110t ci1?q3?. ( ' h e  r e r ~ ~ a r k  3.)  
-. r1g11re 5.5 3pt i :na l  ip r rser l t  h a r v e s t  l e v e l  as a  Func t ion  o f  t h e  p r e s e n t  
p r i c e .  (See remark 3 and f i g u r e  5.4 . )  
Q F i g u r e  5.6 I n c r e a s i n g  r i s k  i n  t h e  l i n e a r  grovrth process ( E ~ - ~ )  
QT = c (QT- ) + Ey-l i s  i l l u s t r a t e d  above. The r i s k  
* * 
i n c r e a s e  imp1 i e s  t h a t  h ~ - l  i n c r e a s e s .  S ince E T - ~ (  
decreases,  h* ( n  > 1 )  i nc reases .  A c r i t i c a l  assumpt ion i s  T-n , ,, 
t h a t  V ' " c 0 ,  W"'<O (see  t a b l e  3 ) .  
3 Discuss ion  
The problein under  i n v e s t i g a t i o n  i s  f a i r l y  genera l .  S t i l l ,  sulne r a t h e r  
s t r o n g  r e s u l t s  have been ob ta ined .  
As can be seen i n  t h e  example O F  s e c t i o n  2.7, t h e  e f f e c t  o f  i n c r e a s i n g  
r i s k  some t i m e  i n  t h e  f u t u r e  i n  t h e  p r i c e  and/or  t h e  growth process 
' such t h a t  t < ( T - 1 ) )  on t h e  o p t i m a l  p r e s e n t  e x t r a c t i o n  l e v e l  i s  (ct, E t  
unambiguously n e g a t i v e .  Note  t h a t  t h e  s e t  o f  unambiguously de te rm ined  
d e r i v a t i v e s  i n  (2 .7 .4)  can he o b t a i n e d  f r o m  a  l a r g e  s e t  o f  assu~np t ions  
c o n c e r n i n g  t h e  s t o c h a s t i c  processes and t h e  c o s t  f u n c t i o n .  Fur thermore,  
many o t h e r  comb ina t ions  o f  d e r i v a t i v e s  and s i g n s  g i v e  unambiguous 
r e s u l t s .  One such example i s ;  
Here, .e assume d e n s i t y  independent  ( b u t  p o s s i b l y  t i m e  dependent) growth 
and a  s t a t i o n a r y  f i r s t  o r d e r  a u t o  r e g r e s s i v e  p r i c e  process ( w i t h  p o s s i b l y  
t i m e  dependent pa ramete rs ) .  
The assumpt ions s h o u l d  he r e a l i s t i c  i n  f o r  i n s t a n c e  t h e  o i l ,  c o a l  and 
m i n e r a l  s e c t o r s  ( i f  p r i c e  i s  s t a t i o n a r y )  s i n c e  these  resources  g e n e r a l l y  
have no growth a t  a l l .  I f  we make use  o f  t h e  methodology d e s c r i b e d  i n  
s e c t i o n  2.7, we w i l l  f i n d  t h a t  t h e  p r e s e n t  e x t r a c t i o n  l e v e l  s h o u l d  
i n c r e a s e  ( b e  unchanged) (decrease)  i f  t h e  r i s k  i n c r e a s e s  i n  t h e  p r i c e  
p '2 and/or  t h e  growth p rocess  some t i m e  i n  t h e  f u t u r e  ( E ~ ,  E~ such t h a t  
t < ( T - 1 ) )  and t h e  marg ina l  c o s t  f u n c t i o n  i s  p r o g r e s s i v e  ( l i n e a r )  
( r e g r e s s i v e ) .  
( I t  i s  i m p o r t a n t  t o  be aware o f  t h e  d i s c u s s i o n  i n  t h e  end of s e c t i o n  2.7.) 
The q u e s t i o n  o f  how t h e  s t o c l l a s t i c  component s h o u l d  e n t e r  t h e  g rowth  
process has been d i scussed  by  May, Beddington,  Harwood and Shepherd. The 
main q d e s t i o n  i s  whether  o r  n o t  t h e  r i s k  ( o r  u n c e r t a i n t y )  i s  d e n s i t y  
dependent. They s t a t e  t h a t  t h e  o p t i m a l  h a r v e s t i n g  d e c i s i o n  i s  dependent 
on t h a t .  
Oov ious ly ,  t h i s  i s  t r u e .  Under t h e  assumpt ion o f  d e n s i t y  dependent r i s k ,  
t h e  r i s k  i s  no l o n g e r  exogenous t o  t h e  e n t e r p r i s e .  The r i s k  can be 
a f f e c t e d  th rough  t h e  h a r v e s t  l e v e l .  However, t h e y  a l s o  w r i t e  t h a t  t h e r e  
a r e  arguments why i t  i s  l i k e l y  f o r  env i ronmenta l  u n p r e d i c t a b i l i t y  t o  be 
a s s o c i a t e d  p redominan t l y  v i i t h  d ? n s i t y  independent ,  r a t h e r  t h 2 n  d e n s i t y  
dependent, p o p u l a t i o n  processes.  (A1 so i n  t h e  s tudy  by  Doubleday ( 3 ) ,  t h e  
n o i s e  i s  independent  o f  p o p u l a t i o n  s i z e . )  
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